3.1.88
u=Inx V=1
Ilnxdx: ;1
u'=— Vv =X
X
3.1.89
)2 u =In*x
I—x dx =
X , 2Inx
u =
x

1

X X

3.1.90

3.1 Vypocet neurcitého integralu

2 1
=——Inx—"Inx+2|—dx=-
=

L

2

v =

X
1

Vo =——

X
1
X

=—lln2x+2j

X

2
X

u =ln(x+1/1+x2)

Iln(x+m)dx: ,

u =

1

1+ x2

a’x:xln(x+\/l—i-x2)—\/1+x2 +C

_I\/liCT

3.1.91

—Idx: 1+ x? ln(x+\/1+x2)—x+C

3.1.92

jlnz (x + m)dx =

X

=xln

, X
Yy =

1+ x
v =41+ x
v =1
Vv =x

= xlnx—J.idx =xlnx—x+C = x(Inx-1)+C
¥ bl Sk

Tt Zmr—2lvc=—L(n x4 2mxs2)sC

X

x+w/1+x2)—

= 1+x21n(x+w/1+x2)—

:xlnz(x+1/1+x2)—

1 ( + 41+ 2) / /
_ZJ-xnx il dx:xlnz(x+ 1+x2)—2 1+ x° ln(x+ 1+x2)+2X+C

1+ x?




3.1.93

Jlln(wll—x +1/1+x)dx

Df :<—1,1>, pro x#0 pouZijeme metodu per partes:v' =1, v=x, u :ln(dl - X +1/1+x),
1 Jox-fiex 1(imx+lex)  11-i-d

1 1
5\/1—x+\/1+x \/1+x\/1 5 —ZXP ) XF
Fx):jln(\/:+\/E)dx=xln(\/m+\/E) I 2x

1—x
—xln(,ll — X +4/1+ x) — arcsmx —%x +C

Protoze F(0) existuje a llHéF (x)=F(0), je F(x) spojitd na (-1,1)

u' =

3.1.94
u = 1In(rg x) V' =sinx
jsmx-ln(tgx)dx: = 1 : b - —cosx = —CoSx- ln(tgx J.de—
1gx-cos” x
= —cosx-In (gx)+In tgg +C
3.1.95
u=x Vvi=e™
Ixe”‘dx: { :IZ—xex+_[€xdx:—xex—e" +C =
u'=1 v=—e"
—(x+er +C
3.1.96
2 u=x Vi=xe x' e 2 x® 1 >
JiX}é*x dx = 1 . |=——=¢€" +Ixe’x dx=—"—e" ——e " +C=
u'=2x v=—uce" 2 2 2
2

:—l(l—i-xz)e”‘2 +C

2
3.1.97
J.e&dx
t=p(x)=+x I =(0,00)—2>J =(0,0)



3.1.98

j 2o gy

t=p(x)=+/x I =(0,00)—2> J =(0,0)
1

= :R
24/x Y

X
I Idx 2-[ \/_ *Fdx z rovnice substituce: x° =t

45 Pt
(t)zZJ‘tSe’dt:{u ! vee

u =t vi=e'
:2t5e’—lojt“e’dt= -
u'=5¢* v =¢' u' =41 v=¢e'
u=t v =¢'
—2¢%" —10¢%' +40jt3e’ dt = — 2% —10t%e" +408%" —
u'=3t* y=¢'
2 u =1t Vi=e' 5 ¢ 4 3 2 p
—120jtedt= = 2% —10¢%e" + 40%' —120¢% +24ojze dt =
u'=2t v=e

} =2¢%e" —10t*e’ + 40°e’ —120t%e" +240te' — 240j e' dt =
=e
— 601> +1207 —120)+C

( X —5x>120x —60x+120\/;—120j+C

178

())

3.1.99
u=x v'=cosx . ) )
Ixcosxdxz[ , ) }:xsmx—J.smxdx:xs1nx+cosx+C
u v =sinx
3.1.100
v =sin2x 2
Ix sm2xdx— 1 =——c052x+j-xc032xdx=
Vv =——cos2x 2
u=x v'=cos2x 5
X . L.
1. :——cos2x+—s1n2x——J-sm2xde
u'=1 v :Esm2x 2 2 2

= —70052)6 + gsian + lcost +C




3.1.101

u =x V' =sin’x | 5 | 5
xsin? xdx = i =—x x_sm ) x—Sm al dx =
I u' =1 v:l x_stx 2 2 2'[ 2
2 2
:lx2 _ Xsin2x lx2 - C()S'2X+C:lx2 - lxsin2x— lcos 2x+C
2 4 4 8 4 4 8

3.1.102
Ixsin\/;dx
t=p(x)=x I =(0,0)—>J =(0,)

, 1

¢'\x) = y=R

(x) N

. xx . . )
jxsm\/;dx = 2.[ sm\/;dx, z rovnice substituce: x =t

24x
=t "= sint
F(t)=2jt3sintdt= ! ’ =2t3(—cost)+6jt2costdt=
u'= 3¢t v = —cost
— 42 ' ¢ =t "= sint

~|" Y C_OS :—2t3cost+6tzsint—12jtsintdt= u, ’ =

u' =2t y =sint u'=1 V = —cost

=—2¢ cost + 6¢*sint + 12¢cost —12sint + C
Flp(x)= 2\/;(6 — x)cos/x + 6(x - 2)sin\/;+ C

3.1.103
J.coszx/;dx
t=p(x)=+x I =(0,00)—2>J =(0,0)
1

! = =R

¢'(x) N y
J.coszx/;dx:2.|.2\\//_§coszx/;dx

u =t V= cos’ ¢ +sin 2 2
sin sin

F(t)zzjtcosztdtz Vot vzé(wm;zt) =1’ + > —j(r+ > jdt:

- lt2 + Lsin2t + lcosZt +C
2 2 4

F((p(x))=§+%sin2\/;+%cos%/;+ C




3.1.104

u = arctg x vi=1 |
Iarctgxdx: , 1 :xarctgx—j 2a'x:xarctgx——ln(1+xz)+C

u = 3 V=X 1+ x 2

1+ x

3.1.105
J.arctg\/;dx
t=p(x)=+x I =(0,00) —2— J = (0,00)

1

' = =R
@ (x) 2\/; y
Idrctg\/; dx = 2'[ 2\\//;; arctg\/; dx
u =arctg t Vvi=t ,
F(t)=2|tarctgt dt = 2 =t arctgt — dt =
() Iarcg oy 12 v:t— arctg I1+t2
I+¢ 2
=t arctgt —t + arctgt + Cz(z‘2 +1)arctgt -t+C
F(qo(x)):(x+1)arctg\/_—\/;+C
3.1.106
u =arctg® x vi=x 5 5
Ixarctgzxdx: 1 x> :x—arctgzx—j al arctg x dx =
u' =2(arctg x) 5 v ="— 2 1+ x°

1+ x 2

2

2
= % arctg’x — J. arctg x dx + I c;ritif de=" 2+ 1 arctg’x — xarctg x + %ln(l + x2)+ C
3.1.107
u =arctg (x +1) Vi=x
Ixarctg(x+1)dx= , 1 x° zﬁarctg(x+l)—le dx=
u'=———— v =— 2 2 (x+1)2+1
(x+1) +1 2
2 2
= % arctg (x +1) - %J. arctg x dx + jx +x§x++2i;22x ~2 dx =

2
=%arctg(x+ 1)—%x +%ln(x2 +2x + 2)+ C

Je mozné resit téz substituci t =x+1 a pak per partes.



3.1.108

, X
u =arctgx V=

jxarc’gx JI+ a0 =1+ x” arctgx - |

V1+x u'= ! v =41+ x7

1+x*
=1+ x> arctgx — Injx + 1+ x°|+C
3.1.109
u =arcsinx vi=1
Iarcsinx dc=| ,_ 1 B —xarcsmx—j dx=
u' = V=x 1—x2
1—x*
=x arcsinx + /1 —x* + C
3.1.110
U =arccosx V= x? .
.fxz arccosx dx = | 1 ¥ =% arccosx +~ dx=(®)
u=- V=" 3 1—x*
1—x? 3
3
I i - dx FeSime substituci : t:go(x): 1—x? 1 :(—1,1)—"’—>J:(O,1>
1—x
T — V=R
M= x
z rovnice substituce: x> =1—1t*
-)a="
F(t)=—|U0-¢t")dt=——-t+C
(O)=—J(—¢)ar S
(wll—xz)3 5 2+ x? >
F(go(x)):f—q/l—x HO=——oI-x" +C
3 2
Vysledek: (®):%arccosx— 2+9x Jl-x*+C
3.1.111
' u =arcsin x v’=x—12
Iarc)sclznx dx = ’ 1 1 _ 1 arcsinx+.[ ! dx= (®)

[ 2
u = v =—— X X l_x

! dx=
1/1+x2



dx Fesime substituci: t =@ (x)= 41— x’ I =(- I,O)U (0,1) J= (O,1>

J‘ 1
x4/l - x?
p'(x)=——— y =(=oo,-1)|J (L1 (1,0)

1 1-x* -1 1-x* -1
Flo(e)=dm V=X ZH oo 2 2l e
2 [ J1=x* +1 X
. . J1-x* -1
Vysledek: (®)=——arcsinx + In|[Y——— + C
X X
3.1.112
u =arcsin’ x vi=1 _
j(arcsinx)zdx: i 2arcsinx by :xarcsinzx—ijdx:
= ——— = 1_
NI Vi
- | | o
u =arcsin x V=
1-x° . > _
{ = xarcsin” x + 24/1 — x” arcsinx — 2x + C
u'= v =—4/1-x’
3.1.113
F(x):jarcsin2 ~ dx
x+1

Df = <0, oo>

F (x) budeme resit pomoci per partes, uvazujme vsak Df" funkce [ (x) = arcsin "
X+

F1(x)= \/(11: ’;)2 - (i+1)= - ()lH_l)sgn(l—x), o =(0.)J (L),




24x ,
24x Xt Vel 2x 1
E(x):jarc'51nx+ldx: . :(x+1)arcs1nx+1—j

!

Uu=—F——"—"—"—< v =x+1

\/;(x+1)

=(x+ l)arcsinzx/;1 —2x + C
X+

u =arcsin

(Pozn. je lepsi uvazovat v = x + 1 nez v = x, protoze postup bude jednodussi; prov = x
dostaneme pochopitelneé stejny vysledek.)

X € (1, oo)

Stejnym postupem jako pro x € (O,l)

X

Fy(x)=(x+ l)alrcsinz\/_1 +2+/x + C,
X+

Protoze lir? F (x) =r—-2+C, a limF, (x) =r+2+C,, zvolimekonstanty C, a C, tak,

x—1+

aby F(x)byla spojitd na (0,:0):

24/x

(x + 1)arcsin —2Jx+4+C, proxe(0,1>

x+1
F(x)=¢
(x+1)arcsin2\/;1+2\/;+C, pro x € (1,00)
X+
3.1.114
I J1—x? arcsinx dx
tzgo(x): arcsin x I :(_1’1)_¢’_>J:(_%’%j
, 1
@ (x) = ; y=R
1-x

. 1-x° : :
I JJ1—x* arcsinx dx = '[ \/7)62 arcsinx dx, z rovnice substituce: x = sint
1—x
ot 1 ot : . 1 .
Fr)= Itcoszt dt =Z+Zsm2t +§cos2t+ C :Z+51/1 —sin’¢ sin¢ +§(1—2sm2t)+ C

F((p(x)):%arcsin2 x +%x1/1 — x” arcsinx —%xz +C, kde C=C, +%




3.1.115

_ e _
U =arccos x v = -
x* arccos x 1-x 24 %2
I—dx= , =— arccos x —
JI-x° ' 1 2+x 2 3
U =————- y =— 1—x
1-x? 3
2+ x? 2+ x?
—I Y odx=—2"% arccosx—%x——x3+C
3 3 9
3.1.116
2
Ix—zdx
(1+x2)
Volime u=x, v'=%, potom v=.|. al -dx. Pomoci substituce (o(x)=1+x2
(1+x2) (1+x2)
2
ziskame v=—l - Potom J.x—zdxz—E ! 5 +1J- ! 2abc=
1+x (1+x2) 2 1+x* 2%1+x
X 1 1
=—— +—arctgx +C
2 1+x? &
3.1.117
dx
~ pro a#0
(a2 +x2)
1 a 1 pa’ +x* —x? 1 1 1 X
— dx =— dx = dx — — dx =
a’ (a2 +x2)2 az'[ (a2 +x2) a’ Iaz +x? a’ (a2 +)c2)2
2
X
1 1 1 (aj 1 X 1 x 1
—a—4_[7dx—a—4j—22dx—a—3arctg;— —5;7 —
1+(] {IJF(XJ j 1+[j
a a a
—Llarct £+C— arct f+++C
a’ ¢ a 2a° ga 2612(612 +x2)2
3.1.118
u =+a* —x’ v =1 ,
I a’ —x*dx= - =x\/a2—x2+fx—dx=
u=———0 V=X a’ - x?



=xqJa’ —x° +J‘x2\/%1 dx=x a I«/ -X dx+|a|'[

Eo

= x\/a -x' - I\/a ~-x’dx+a (sgna)arcsmE kde (sgna)arcsm * = arcsm|x|
a a

Nyni postupujeme rovnici pro neznamou'[w/a —x%dx adosdvame '[ Jat —x*dx =
X a’
=Z\at —x* +— 5 arcsin—— + C

2 [l

3.1.119
I a’ +x* dx , kde (a #0)

u =4a’ +x° v =1

2
X
J-w/az +x*dx= , X =xqa’ +x° —I dx =
S e Va© +x7

)

= xqJa’ +x’ Ix ta’—a’ dx = x\/a +x’ I\/a +x° +|a|-[

:x\/a2 +x2 —j\/az +x? abc+azln(x+w/a2 +x2 )
X ﬂaz +x2
+—

In|—

=®
a |d

Plati totiz:

J' dx _ ij' dx _a
Jai +x? |a| 1+(xj2 |a|
a

proa)0
®:ln(x+w/a2 +x2)—lna,nebot’x+w/a2 +x° )0 proxeR
proaf0

X +4/a’ + x°

2
—a

®=—ln‘x— a’+x?

= ln(x +4Ja’ + x° )— 1n|a|

Iq . .7 , 2 2 roor
Nyni postupujeme rovnici pro nezndmou J}/ a” +x" dx adosdvame:

J‘w/az + x? dxzz%ﬁaz + x? +§ln(x+1/a2 +x2)+ C

+ ln|a| =1In + ln|a| =In +1n|a| =
x —+la’ + x?




3.1.120

Ixz \Ja? +x? dx , kde (a #0)

u =+a* +x° v =x?
x® 1 4
2 2 2
Ix Ja i +xtde=| | X

X
U =—F—— V=— a +x
3

:? a’ + x? ——J‘ *Ja’ +x dx+—J-1/a +x dx——j dx, kde jsme

4
x* a
—_—— —w/a +x° =ya’+x* | x* —a’ + > >
la? + x2 la? a’ +x’ a +x

, . . 2 2 2 ;o
Nyni postupujeme rovnici pro nezndmou I X" 4la” +x” dx adosavame:

Ixz Ja® +x? dx=8£(2x2 + az)w/az +x? —%ln (x+w/a2 +x? )+ C

upravili

vraz

3.1.121
u =sin (lnx) y' =1
Ism (lnx)dx =, cos (lnx) I X sin (lnx) - Jcos (lnx)dx =
X
u =cos(Inx) v =1
= u = L(lnx) S = x sin (lnx) — X COS (lnx) - I sin (lnx)dx

X

Nyni postupujeme rovnici pro neznamou Jsin (lnx)dx a dosavame:

jsin (Inx)dx = g[sin (Inx) - cos(Inx)] + C

3.1.122
u =coshx Vvi=e" i b
Ie” cosbx dx = . 1 =—e“ cos bx + —J-e” sinbx dx =
u'=—bsinbx y=—e""| a a
a
u =sinbx Vi=e® 1 b1
= 1 = Y cos bx + ——e“" sin bx — —J‘e cosbx dx
u'=b cosbx y = —e” a aa
a

Nyni postupujeme rovnici pro neznamou Je” cosbx dx a dosavame:

ax

Ie‘” cosbx dx = (a cosbx + b sinbx)+ C

a’ +b?

ax

(a sinbx — b cosbx)+ C

Analogicky: | e sinbx dx =
gicky J. a’ +b?




3.1.123

u =x Vvi=e'sinx
o | Le o .
jxe sinx dx =| 1 . =—xe " (sinx —cosx) — —je sinx dx +
u'=1 v =Ee"(smx—cosx) 2

1 kY _l X : _ _l X ] _ l X 1 =
+EI6 cosXx dx—zxe (smx cosx) 4e (smx cosx)+4e (cosx+smx)+C

1 .
=Ee" (xsinx — xcosx + cosx)+ C

3.1.124
2 . 1—cos2x 1 . .
J.xe sin xdx=Ixe —dxz—jxe dx—jxe cos2x dx
2 2
J.xe)‘a’x=xe"—e”+C1
u =x vi=e"cos2x .
Jxe"cos2xdx= e =x¢ (cos2x +2sin2x)—
u'=1 v =?(0052x+25in2x)

(cos2x + 2sin2x) -

—ljex cos 2x dx —gjex sin2xdy = o © (cos2x + 2sin2x) -
5 5 5

2e" . . .
¢ (sin 2x —2co0s2x)+ C, = e i(cos2x+2sm2x)+ icost—ism2x +C,
5 5 25 25

X

V)ﬁsledek:F(x)=%[x -1 —%(cos2x + 2sin2x)+%(4sin2x —3cos2x)} +C

3.1.125

In (sin x) u =In(sin x) V= ‘12 5

n(sinx sin” x . cos” x
J. ERER dx =  cosx ——(cotgx)ln(smx)+.|.sin xdx—

U =— Vv =—cotgx
sin x
)

:—(cotgx)ln(sinx)+J.I_Slzn xdxz—(cotgx)ln(sinx) —cotgx—x+C=

sin” x
=— [x + (cotgx)ln (e sin x)] +C

3.1.126

1

X U =x v/ 5

'[ S—dx = cos’ x :xtgx—J.tgxdx=xtgx+1n|c0sx|+C
u'=1 vV =1tgx

Cos X



. u =xe" V'Z( 11)2 . . .
J- xel X+ __ xe +J-xe e
(x+1)° ks 1 l+x ¢ l+x
u'=xe" +e v =-
I+x
=— xe' +e" +C= ¢ +C
1+x 1+ x
3.1.128
2Y 4 4
l-—|e'dx=|e"dx—|—e"d —e'd
1-2) can=fera-[eas [Lea
Druhy integral feSime per partes :
. u :l Vlzex x X
Ie—dx = X = J-e—zdx, dale dosadime do ptivodniho integralu
X , 1 . X X
u'=-—— v=e
X
2V . . e’
a dostaneme : I l-—|e'dx=e"-4—+C
X X
K vysledku bychom dosli téz feSenim tretiho integralu per partes.
3.1.129
Iln[(x+a)x+a(x+b)x+b] dx :jln(x+a)dx+jln(x+b)dx
(x +a)(x +b) x+b X+a
Prvni (nebo druhy) integral feSime per partes :
1
u =In(x+a) V=
b
Iln(x+a)dx: T zln(x+a)-ln(x+b)—jln(x+b) dx
x+b , 1 x+a
u'= v =In(x+b)
x+a
Dosadime do piivodniho integralu a dostaneme :
J.ln[(x+a)x+a(x+b)x+b]mz ln(x+a)-ln(x+b)+C
3.1.130
. u =sin" " 'x v =sinx N
J.sm xdx(n>2)= ' =—cosxsin"" x +
u'=(n—1)sin"~? xcos x Vv =—Ccosx
+ (n—l).[sin”’zxcoszxdx= —cosxsin"’1x+(n—I)Isin”’zx dx—(n—l).[sin"xdx

Nyni fe§ime rovnici pro nezndmou J‘sin" xdx adostaneme rekurentni vztah

) 1. ..
Ism”xdx =——sin" ' xcosx +

)
Ism” xdx
n n

Analogicky dojdeme k rekurentnimu vzorci pro Icos” xdx ,n>2:



1 _ ) i
Icos”xdx = —cos" ' xsinx + Jcos" 2 xdx

n n
3.1.131
1 1
1 u= sin” 2 x Y " sin’ x cosx
'[sin"x dx (n22)= o —(n —2)cosx = __CosX T sin" 'y
sin” ' x sin x
2
=2 S = - S 2 e (o2

C .. , 1 ;
Nyni feSime rovnici pro neznamou J-—dx a dostaneme rekurentni vzorec

sin” x
1 1 CcosXx n—2 1
J- s on dx:_ s on—1 + J- con—2 dx
sin” x n—1sin"""x n-1Ysin X

Analogicky dojdeme k rekurentnimu vzorci pro J-% dx,n>2:
cos” x

dx

J‘ 1 1 Sin)i +n—2J‘ 1

cos” x n—1cos" 'x n-1 2

cos" " x




